
5.5 Differentiability of Rational and 
@e¢s@#e0e206 

Other Functions 

SETTING THE STAGE 

Explore the 

concepts in this 

lesson in more detail 

using Exploration 10 

on page 578. 

A function f is differentiable at x = a if f’(a) exists. A polynomial function is 

differentiable at every number in the domain. Consider two questions. 

e Are there functions for which the derivative does not exist at one or more 

numbers in the domain? 

* If so, what properties of these functions cause the derivative not to exist at 
these numbers? 

In this section, you will examine the differentiability of rational functions as well 

as other types of functions. 

EXAMINING THE CONCEPT 

corner 

Example 1 

Differentiating a Rational Function 

f@ 102) =f @) 
If f’(a) exists, then lim 5 exists. Both the one-sided limits exist 

h-> 

: Sip) Nisan C2) ; (a+ h) —$ (a) 
and are equal: lim ee ee lim aera . Also, you can draw 

h 07 h h>0* h 
a tangent line at x = a if f’(a) exists. 

The Differentiability of a Function 

A function is not differentiable at x = a when 

1. the graph of the function has a discontinuity at a 

2. the graph of the function has a corner or a cusp 

3. the line x = a is a vertical tangent 

In the next three examples, you will examine each case in more detail. 

Functions Whose Derivatives Do Not Exist Because of 

a Discontinuity or a Restricted Domain 

Explain why each function is not differentiable at x = 3. 

Metal Xx 9 (a) fo) = 244 (b) g(x) = = 
BX souls iTS 

(c) h@) = V3-x (d) m(x) = " 
I fee re 
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Solution 

ear Il ne) = 
This function is not defined at x = 3. 

The line x = 3 is a vertical asymptote. The function is discontinuous at x = 3. 

You cannot draw a tangent line at x = 3. f’() does not exist. 

(b) g(x) = == 
This function is not defined at x = 3. 

The graph has a hole at x = 3. The function is discontinuous at x = 3. 

You cannot draw a tangent line at x = 3. g’(x) does not exist. 

(C\L RON Sie 

This function is not defined for x > 3, so f(3 + h) is not defined. 

{OD =f) 
lim does not exist. 

Lh 0" h 

3 J b= FC) 
lim = 
h>0- h 

Since these limits are not equal, 4’(3) does not exist. 

a ale a th ves. 

(d) m(x) = 
1 the 3 

The one-sided limits as x — 3 are not the same. That is, 

lim m(x) # lim m(x). The function is discontinuous at x = 3. 
ra ro 

m’(3) does not exist. 

Example 2 A Function Whose Derivative Does Not Exist ata 

Corner in Its Graph 

Let f(x) = |x — 1]. Is this function differentiable at x = 1? 
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Solution 

Create a table for the function. Then graph the function. 

The graph has a corner at (1, 0). 

PUL se Pp) = 7 CD) 
lim —————— = -] 

h—> 07 h 
‘ ie) Fan 
im ———— = || 

h—0* h 

Since these limits are not the same, f’(1) does not exist. 

The slope changes abruptly from —1 to | at (1, 0). You cannot draw a unique 

tangent line at this point. 

The function is not differentiable at x = 1. 

An extreme case of a corner is a cusp. A cusp occurs where the slopes of the 

secant lines approach co from one side and —ce from the other side. 

Example 3 A Function Whose Derivative Does Not Exist ata 

Cusp in Its Graph 

Where is f(x) = (3x — 6)? differentiable? 

Solution 

Make a table. (The values for the function in the table are rounded to four 

decimal places.) Then graph the function. 

, fo hy =f) y 
lim a = —oo, but 

h->0- 

FED) =7Q 
lim = 0 

h fe Q* h 

So, f’(2) does not exist. 

The graph has a cusp at (2, 0). 

The function is not differentiable at x = 2. 

Example 4 A Function with a Vertical Tangent 

Show that f(x) = Vx — 1 is not differentiable at x = 1. 

Solution 

Make a table. (The values for the function in the table are rounded to four 

decimal places.) Then graph the function. 
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A tangent line can be drawn at point (1, 0). 

However, this tangent is vertical, so its slope is undefined. 

The slope does not exist, andf’(1) does not exist. 

The function is not differentiable at x = 1. 

Maximum and minimum values can occur at corners and cusps. At these points, 

the derivative does not exist. To account for all critical points, we must also 

consider the points where the derivative does not exist. Points of inflection can 

occur at corners. Also, vertical tangents occur at points of inflection. To account 

for all points of inflection, we must also consider where the second derivative 

does not exist. 

Critical Points and Points of Inflection 

For any function f(x), at a critical number f’(c) = 0 or f’(c) does not exist. At 

a point of inflection, f’(c) = 0 or f’(c) does not exist. 

You may have noticed that the descriptions of differentiability and continuity are 

similar. In fact, they are closely connected. Every differentiable function is also 

continuous. 

Continuity and Differentiability 

The function f(x) is continuous at x = a if f(x) is differentiable at x = a. 

Example 5 Showing That a Differentiable Function Is Also 

Continuous 

Show that f(x) is continuous at x = a if f(x) is differentiable at x = a. 

Solution 

Show that lim f(a + h) = f(a), which means lim [f(a + h) — f(a)] = 0. 
h->0 SO) 

For h #0 and (a + h) in the domain of the function, 

of Ra . . (Cae lim [fla + A) ~ f@)] = tim | “PF x 5] 
h>0 egy h 

’ (a4 +h) —f = | lim Ka ; aoa Slim) 
h>0 “ h>0 

= f(a) X 0 
= () 

So f is continuous at x = a if f’(a) exists. 
ee 
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CHECK, CONSOLIDATE, COMMUNICATE 

1. Use examples to show how a rational function can fail to be 

differentiable at one or more numbers x. 

2. Give an example of a function that has a corner in its graph. Explain why 

the function is not differentiable at the corner point. Repeat for a function 

with a cusp in its graph. 

3. Explain why a function with a vertical tangent x = a is not differentiable 

at a. Use an example in your explanation. 

4. How are differentiability and continuity related? 

KEY IDEAS 

¢ A function f(x) is differentiable at a number a in its domain if f’(a) exists. 

e A function will not be differentiable at a when 

« the graph of the function has a discontinuity at a 

¢ the graph of the function has a corner or a cusp at a 

+ the line x = a is a vertical tangent 

¢ A cusp occurs where the slopes of the secant lines approach oo from one 

side and —ce from the other side. 

¢ A function is continuous at number a in the domain of the function if the 

function is differentiable at x = a. 

¢ For any function f(x), at a critical number, f’(c) = 0 or f’(c) does not 

exist. 

¢ For any function f(x), at a point of inflection, f’(c) = 0 or f’’(c) does not 

exist. 

5.5 Exercises 

TA) 1. Explain why each function is not differentiable at x = 2. 

(a) (b) 
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2. Where is each function 

i. differentiable? 

ii. continuous but not differentiable? 

iii. neither continuous nor differentiable? 

(a) (b) 

3. Each function is nor differentiable at x = 1. Determine whether the reason is 

a discontinuity, a corner, a cusp, or a vertical tangent. 

(a) f(x) = == (b).f@) =511-x] +1 

Ls | rho (c) f(x) == (d) f(x) = @ — 1): 
1 

(e) f(x) = 2V1—x ) fa) =@- 1)? 

B) 4. Explain why each function is not differentiable at the given x-value(s). 

(a) f(x) = aay atx = 3 

(b) f(x) = - — - atx = +4 

(c) f(x) = V(2x — 5)? atx = 2.5 

(d) f(x) = =|4 —5x| — latx =08 

(e) f(x) 

(f) f(x) = 5V3 — 2x atx = 1.5 

(g) f(x) = V5 — 4x atx = 1.25 

(h) fia) = 5 * = 

Ory ixsS 2 

5. Knowledge and Understanding: Determine which functions are 
ditferentiable at x = 1. Give reasons for your choices. 

; en BN oe eal 
(a) F(x) Fos (b) g(x) = a a ar 

(ec) h@®) = Va - 2 (d) m(x) = | 3x 3 | 1 
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10. 

11. 

12. 

. (a) Explain why f(x) = —— and g(x) = Ss 

. Find all x-values for which each function is differentiable. 

Explain your answers. 

xo+] 
(Df Oa 

(b) f(x) = 1-4|2-x| 

© fe) =—* 
. At what x-values is each function not differentiable? Explain. 

@fo=-p Ofw= 5455 Ofm=VE-h+6 
x 

. Communication: Explain, with an example, why a function whose graph 

has a cusp is not differentiable at the point where the cusp occurs. 

| a 7 are not differentiable at 

x=1. 

(b) Use a graphing calculator to obtain nDeriv( f(x), x, 1, 0.0001) and 

nDeriv(g(x), x, 1, 0.0001). 
NG = 1B) =j{@= Je) 

(c) Explain your results for (b) by calculating ah and 

g(a +h) — g(a —h 

2h 

(d) Find the derivatives of other functions at x-values where the functions 

are not differentiable using the nDeriv( operation. Explain each 

erroneous result using the function definition 
(@ ar Ip) = =} 

ADCO ee ee ae a 
2h 

fora.= land =.0,000k 

1 
= dix 

Application: Determine whether the derivative of f(x) = ui 

existSiat y= 1 ais est 

Use the limit definition of the derivative to show that f’(3) does not exist for 

f(x) = |x - 31. 

Check Your Understanding: Explain, with examples, the three ways in 

which a function may not be differentiable at x = a. 

Dx b if 

ele) Co) =e Ha os 

eae il ifx 2 1 

(a) Find a relation between a and b if the function is continuous for all 

values of x. 

(b) Find the values of a and b that make the function both continuous and 

differentiable for all values of x. 
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ae Ieee, 

14. Repeatquestion 13, for jy (x)= \, 4-29 

- bel 
iy 22 

15. Thinking, Inquiry, Problem Solving: You have seen that a function that is 

differentiable is continuous. Investigate whether the converse is true: is a 

function differentiable at x = a if the function is continuous at x = a? 

Give examples to support your arguments. 

ADDITIONAL ACHIEVEMENT CHART QUESTIONS 

Knowledge and Understanding: Find all values of x for which the function is 

differentiable. 

= (b) h(x) = V3x -6 +4 
Pee 

(eral) a its 0 

(@) y= xz @) ga) =\2xr+1 if0<x<3 
(4-—x)? ifx2>3 

Application: Use the limit definition of the derivative to show that f’(5) does not 

exist for f(x) = | x — fs) i 

3x ts | 

Thinking, Inquiry, Problem Solving: Let f(x) = 
axa bate 1 

where a and Db are constants. 

(a) What is the relation between a and b if the function is continuous for all x? 

(b) Find the unique values for a and b that will make the function both 

continuous and differentiable. 

Oo if =e @ 

Communication: Explain why f(x) = 

PIPE NEUES: eS | 

is not the derivative of any function on the interval —1 <x < 1. 
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14, 

as 

16. 

17; 

18. 

19. 

(e) all points except x = —1 and x = 5 

(f) at all points 

(g) all points except x = —1 

Rite ian <3 
Answers will vary. Example: f(x)=) y42 ° ~~” 

sas EP): 538) 

functions in 13(b) and 13(f); satisfy all 3 conditions of continuity 

A=4 

lim f(x) exists, f(a) exists, lim f(x) = f(a); Examples will vary. 
Pe a! oe el 

A = B — 3 and either B> 1 andA > —2 or B< 1 andA < —2 

statement is true; Examples will vary. 

5.4 Exercises, page 383 

il: 

2. 

10. 

11. 

12. 

13. 

14. 

IS, 

16, 

17. 

18. 

19. 

20. 

ee ran 

Oe (b) SBE 
(c) peso? (a) baa ee 

ry Ott 
(g) ue oe 2 (h) a a =9 

arr 0 ar 
Oe =a (b) ior as - Be 

A 

- G2 = 

y=3x-2 
(a) y= ox ar 2 (b) y= 2x _— s 

(b) (2, >) and (ee -) 

Se : , I 
(a) position: 1, velocity: =, acceleration: Fe speed: i 6 

(b) position: 4 velocity: >, acceleration: ay speed: = cas Soe aor 9 

yes, when ¢ = 0.24 s 

t = 2.83 

by 4 24250 
CO = a5 +H 

t=1.87h 

, 25 

P () (ie Ie 

Chas 3 nc eee 
de = Qe + 12? Positive for x > 0 

yy 
dy ax dx 

dx y2 

(a) 1 cm (b) t=1s (c) 0.25 cm/s 

(d) no; radius will never reach 2 cm (y = 2 is horizontal asymptote of 

the graph) 

P(t) = — aS is rate of change of population. P’”(t) = 
2340 

Gt + 2) 

how the rate of change of population is changing. Examples will vary. 

As years pass, rate of change is increasing. 
x 

: 
= Sol VW 

I 
Examples will vary. Rule: If f(x) = ax + b and y = 7’ then 

, a 

(ax + b)*" 

5.5 Exercises, page 391 

Ik 

10. 

12. 

13. 

14. 

1S. 

5 G2 ne) ; jena) beet 2) 
(a) lim a ee ere lim, ° 

LeSOr 1 hot A 
. first hii) ‘ Qe hy — Fe 

(b) corner atx = 2,so lim —————— ¥ lim : —— 
i Se h hot h 

(c) vertical tangent at (2, 1), so slope is undefined 

(a) i. all points except x = 0; ii. nowhere; iii. x = 0 

(b) i. all points except x = 0 and x = 3; ii. x = 3; iii, x = 0 

(c) i, all points except x = 1; ii. x = 1; iii. nowhere 

(a) discontinuity (b) corner (c) vertical tangent 

(d) cusp (e) discontinuity (f) vertical tangent 

(a) not defined (vertical asymptote) 

(b) not defined (vertical asymptote) 

(c) cusp (d) corner  (e) not defined (vertical asymptote) 

(f) restricted domain (g) vertical asymptote 

(h) discontinuity 

(c) cusp at (2, 0) but is differentiable at x = 1 

(a) all points except x = —1 and x = 4 

(b) all points except x = 2 

(a) x = 0.25 and x = 0 

(ce) l<x <6 

(c) all points except x = | 

(b) x = —3 andx = 3 

eee 

left and right hand limit of “2 

(a) not defined at x = 1 (vertical asymptote) 

(b) 

would be different 

a 

(c) f(x): 100 000 000; g(x): 0 

no 

(d) Answers will vary. 

discontinuity or restricted domain, graph has corner or cusp, graph has 

vertical tangent; Examples will vary. 

(a) a=4+ 2b (b) a = —8, b = —6 

(a) 6b = 2a + 5 (b) a=—=,b=7 

converse is not true. Counterexamples will vary. 

Exercise 5.6, page 401 

— = 

Se eIANeEYYPe 

1.5, min. 

6cm X 6cm 

3.16 m X 6.33 m 

8m X 12 m;48m 

17.3 m X 34.6m 

25m X 40m 

60 m X 80m 

50m X 75m 

4mxX8&m 

20 km/h 

11.3. cm X 17.0 cm 

8.5 cm X 14.1 cm 

5cm X 10cm X 10cm 

2.38 m X 2.38 m X 2.65 m 

14.94 cm X 14.94 cm X 22.40 cm 

0.585 m X 1.170 m X 0.438 m 

radius 2.75 m, height 21.05 m 

radius 0.66 m, height 1.54 m 

(a) 0.60 m X 1.29 m X 1.32 m 

(b) 0.50 m X 1.41 m X 1.41 m 
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